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Abstract 
Bouziad, A., The Ellis theorem and continuity in groups, Topology and its Applications 50 (1993) 
73-80. 
Various theorems which are valid in the presence of metrizability or compactness can be generalized 
to the class of p-spaces. In this paper, we show that this is the case for the classical theorem of 
Ellis on joint continuity. As an application, we show that the multiplication is continuous in a 
semitopological Bake group, which is a paracompact p-space; and that, a tech-complete semi- 
topological group is a topological group if and only if this group is paracompact. A topological 
game condition, which insures that a group with a continuous multiplication has a continuous 
inversion is given. 
Keywords: Action, topological group, p-space, topological game, separate continuity, joint 
continuity. 
AMS (MOS) Subj. Class.: 22A20, 54E18, 54H15, 57S25. 
1. Introduction 
Let G be a semitopological group, i.e., a group equipped with a topology for 
which the product is separately continuous. It is well known that if G is locally 
compact, then any separately continuous action of G in a locally compact topological 
space X is continuous. This result of Ellis [7] has afterwards been extended by 
Lawson [13], Hansel and Troallic [ll] and Helmer [12]. 
The main purpose of the present work is to extend Ellis’s theorem to any separately 
continuous action of a left topological Baire group which is a p-space in a paracom- 
pact p-space. The class of p-spaces has been introduced by Arhangel’skii [l] and 
contains all metrizable spaces and tech-complete spaces. The class of paracompact 
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p-spaces has been extensively studied; for a discussion in this area see [l, 10, 141. 
As the example of the Sorgenfrey line under addition shows, the inversion in a 
paratopological group is not necessarily continuous even in the presence of the 
Lindelof and the Baire property. Ellis in [8] shows that a locally compact group 
with continuous multiplication must have continuous inversion. Brand in [4] and 
Pfister in [16] showed that this result remains true if “Tech-complete” replaces 
“locally compact”. Pfister then asked whether every tech-complete semitopological 
group had continuous multiplication. We use our main result to show that the 
answer is yes if the semitopological group G is paracompact. Recall that conversely 
each Tech-complete topological group is paracompact [5]. We also generalize the 
result of Brand and Pfister by producing a topological game condition under which 
their result remains true. 
2. Some topological results 
In this section we prove (and recall) topological results which will be used in the 
sequel. In particular, Theorem 2.3 states the existence of points of continuity of a 
separately continuous function and will be used in the same way as Namioka’s 
theorem in [ 11, 131. Theorem 2.3 will be formulated in the framework of topological 
games (the game %(a, X) introduced here, and the game Y<, by Christensen [6]). 
All topological spaces are supposed to be completely regular. For the usual 
topological concepts, see [9]. 
Definition of the game g(a, X). Let X be a topological space and a E X. The 
game ??( a, X) (or more simply %(a)) is played by two persons (Y and p. An instance 
of %(a, X) is a sequence (V,, xn)nEN defined inductively in the following way: player 
(Y begins and chooses a neighbourhood V,, of a; player /3 chooses a point X,,E V,,. 
When ( V,, x,), i = 0,. . . , n - 1, have been defined, player u chooses a neighbourhood 
V,, of a and player p chooses a point x, E V,,. Player (Y wins if the sequence (x,) 
has a cluster point in X. 
Let us recall that a point a in a topological space X is called a q-point if there 
is a sequence (V,,) of neighbourhoods of a with the following property: any sequence 
(x,) in X such that x, E V,,, n EN, has a cluster point in X. If X is first-countable 
or if X is tech-complete, then X is a q-space, i.e., each point of X is a q-point. 
In [l] Arhangel’skii introduced the class of p-spaces as a simultaneous generaliz- 
ation of metrizable and tech-complete spaces: X is a p-space if there exists a 
sequence (%?,,) of open covers of X such that, if x E X and x E G, E %,,, n E N, then 
n G,, is a compact for which the sequence (nj_ Gi), is an outer network, i.e., if 
n G, c U, U open, then there exists n such that njS,, Gi c U. (This is not the 
original definition but an internal characterization of p-spaces [ 10, Theorem 3.211.) 
Proposition 2.1 [l]. (1) Each p-space is a q-space. 
(2) A topological space is a purucompuct p-space if and only if it is a preimage by 
a perfect mapping of a metrizuble space. 
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The proof of the following proposition is straightforward. 
Proposition 2.2. Let X be a topological space. If a is a q-point of X, then player a has 
a winning strategy in the game $?(a, X). 
The following game is especially convenient for the study of continuity points of 
separately continuous functions (see [3,6, IS]). 
Definition of the game $. Let X be a topological space. The game %,, (introduced 
by Christensen) is a two-player game. An instance of %I,, is a sequence ( U,, V,, a,,) nCN 
defined inductively in the following way: player p begins and chooses a nonempty 
open set U, of X; player (Y then chooses a nonempty open set V, c U, and a point 
a,EX. When (U,, V;,a,), i=O,. .., n - 1, have been defined, player p chooses a 
nonempty open set U, c V,_, ; and player (Y chooses a nonempty open set V, c U, 
and a point a, E X. Player (Y wins if 
(0 U,) n {a,: nEN}#0. 
Any a-/3-defavorable space (i.e., p has no winning strategy for the game $) is a 
Baire space; and all Baire p-spaces are rr-P-defavorable, see Proposition 3.6. 
Now we give the main result of this section. 
Theorem 2.3. Let X be a u-P-defavorable topological space, Y a topological space, 
(2, d) a metric space and let f: X x Y + Z be a separately continuous function. Then, 
for all b E Y such that Y is %( b)-a-favorable, the set A of elements x E X such that f 
is continuous at (x, b) is a dense G,-subset of X. 
Proof. For all n E N, let A,, be the set of elements x E X such that the oscillation of 
f at (x, b) is strictly less than l/n. Thus A = n A,. Since X is a Baire space, it is 
sufficient to prove that, for every n, the open subset A,, of X is dense in X. Suppose 
that it is not the case. Let p E N such that the open set U, = X\A,, is nonempty. Let 
t be a winning strategy for player (Y in 9?( b, Y). Let y,, E t(0) and let (1.4”) x,) E U, x X. 
Let t’ be the strategy of p in the game %,,, defined in the following way: p begins 
and plays t’(0) = U, ; at the (n + 1)th stroke, if LY has played (( V,, a,), . . . , (V,,, a,,)), 
then p chooses an element x,+, E V,, and a pair (u,+, , y,+,) E X x Y satisfying the 
following conditions 
u,+~ E {u E Vn : d(f(u, b),f(x,,+, , b))< ll(n + l)), 
d(f(ai,b),f(a,,y,+,))<ll(n+l), i=l,...,n, 
(1) 
(2) 
Yntl E t(y,, . . . , Yn), (3) 
d(f(u n+, , y,,+,),f(x,+, , b)) 3 1/(3~). (4) 
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Then /3 plays the nonempty open set U,,,, = t’(( V,, a,), . . . , (V,,, a,)) which is the 
intersection of the following open subsets of X 
and 
{u E V, : d(f(% Yn+lLf(%l+l, Yntl)) < ll(n + 1)) 
{u E V, : d(f(% ~Lf(-Tl+, , b)) < ll(n + 111. 
The open set U,,,, is nonempty since, according to (l), u,+, E U,,,, . 
Since the space X is cr-P-defavorable, there is for (Y a winning game (If,,, a,) 
against the strategy t’. Let a E n U,, be a point which belongs to {a, : n E N} and let 
y be a cluster point of the sequence (y,) in Y (recall that 1 is a winning strategy). 
By (2), we have f(a,, b) =f(a,, y) for all n EN and consequently f(a, b) =f(a, y). 
Let n z 12~ be an integer such that d(f(u, y,),f(a, b)) s 1/(6p); we get 
d(f(un, ~n),f(x,, b))s d(f(~,, yn),f(a, ~n))+d(f(a, y,),f(a, b)) 
+d(f(a, b),f(x,, b)) 
G l/n + 1/(6p) + l/n < 1/(3p). 
Since by (4) we have for all HEN, d(f(u,,x,),f(x,, b))z 1/(3p), we get a 
contradiction. 0 
3. Continuity of a group action 
A left topological group is a group G equipped with a topology such that the 
product in G is left continuous (for all g E G, the function h + gh, h E G, is con- 
tinuous). The group G is purutopologicul (respectively semitopological) if the product 
in G is continuous (respectively separately continuous). 
Definition 3.1. Let G be a group and X a set. An action of G in X is a function 
(g, x) + gx from G x X into X such that g(hx) = (gh)x and ex = x for all g, h E G 
and x E X (e denotes the unity element of G). 
By a classical result of Ellis [7] (see also [ll, 13,171 for further development) if 
G is a locally compact semitopological group and X is a compact space, then any 
separately continuous action of G in X is continuous. In this section, we generalize 
this result to the case where X is a paracompact p-space and G is cT-/3-defavorable. 
In the proof of the following theorem we shall use the following lemma which 
is the net counterpart of [2, Theorem 1, p. 1171. 
Lemma 3.2. Let X and Y be two topological spaces and let f: X + Y be a perfect 
mapping. Let (x~)~=, be a net of elements of X such that the net f(x,)isr converges in 
Y. Then (xi)iEl has a cluster point in X. 
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Theorem 3.3. Let G be a left topological group and X a paracompact p-space. Zf G is 
o-B-defavorable, then any separately continuous action of G in X is continuous. 
Proof. Let (g, x) + gx be a separately continuous action of G in X. Let (gi, xi) be 
a net in G x X which converges to the point (g, x). Let us show that (g,x,) converges 
to gx. Suppose that this is not true. Then, considering if necessary a subnet of (g,x,), 
we can suppose that no subnet of (g;xi) converges to gx. 
Let Z be a metric space and let 4 : X + Z a perfect onto function (Proposition 
2.1). Let 6: G x X + Z be the separately continuous function defined by $(!I, y) = 
4(hy), (h, y) E G x X. By Theorem 2.3, there exists a dense G,-subset A of G such 
that 6 is continuous at any point of A x {x}. Let a E A. Then lim ag-‘g, = a and 
thus lim +(ag-‘g,x,) = +(ax). Since 4 is perfect, the net (ag-‘g,xi) has a cluster 
point (see Lemma 3.2). Since the action of G in X is separately continuous, the 
net (g,x,) has a cluster point y E X. 
Let (gjxj) be a subnet of (gixi) such that lim g,x, = y. To end the proof, it is sufficient 
to show that y = gx. Since X is completely regular, it is sufficient to show that 
+(y) = +(gx) for any continuous real-valued function $ on X. Let Cc, be such a 
function and let 4: G x X + [w be the separately continuous function defined by 
(h, y) + $(hy). By Theorem 2.3, there is a dense G&-subset B of G such that 4 is 
continuous at any point of B X(X}. Let b E B. Then lim bg-‘g, = b and 
lim $( bg-‘g,x,) = $(bx). Hence $(bg-‘y) = $(bx) for all b E B. Let (b,) be a net in 
B such that lim bi = g. Since I,& is separately continuous, we get 
$(y) = lim (Cl(b,g-‘y) = lim +(b,x) = $(gx). Cl 
Remark 3.4. Theorem 3.3 remains true even if one does not assume the condition 
ex = x when defining an action of G in X. Indeed the topological space eX is closed 
in X; hence it is a paracompact p-space; then we apply Theorem 3.3 to the action 
of G in eX. 
Corollary 3.5. Let G be a left topological group which is Baire and a p-space, and X 
a paracompact p-space. Then each separately continuous action of G in X is continuous. 
Proof. This follows from Theorem 3.3 and the following proposition. 0 
Proposition 3.6. Each p-space which is a Baire space is u-B-defavorable. 
Proof. Let X be such space and let (%,,,) a sequence of open covers of X as 
guaranteed by the fact that X is a p-space. Let u be a strategy for p in the game 
SW. We define a strategy T for p in the Choquet game on X as follows: ~(0) = a(0); 
and at the (n + 1)th stroke, when (Y has played (V,, . , V,,), /3 chooses a G, E 9?,, 
and x, E X such that x, E G, n V,,, and an open set U, such that x, E a,, c V,, n G,, 
and answers by playing the open set 
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Since X is j?-defavorable for the Choquet game (see [IS]), there is for (Y a winning 
game (V,,) against the strategy T; i.e., such that n U,, =(-j V,, f 0. But then the 
sequence (x,) must have a cluster point x E X, and since we have x,,+, E I?,+, c U,,, 
x must belong to n U,. 0 
Example 3.7 describes a separately, but not continuous action of a metrizable 
Baire topological group in a countable topological space. 
Example 3.7. Consider /3lA the Stone-tech compactification of N. Let p~pN\kd, 
and let X be the subspace F+J u {p} of PFU. G is the group of all continuous maps 
from X to the discrete two-element group (0, 1). The group G, endowed with the 
product topology is a metrizable Baire space. The action of G in the product space 
(0,l) x X defined by g(a, x) = (a + g(x), x), (a, x) E (0, 1) x X, g E G, is separately 
continuous but not continuous at (e, (0, p)), where e is the identity element of G. 
4. Continuity in groups 
Let G be a Tech-complete semitopological group. In order that G be a topological 
group, it is sufficient that the product in G is continuous. Indeed, the continuity of 
the inversion function in G follows from the continuity of the product [4]. In [16], 
Pfister gives a short proof of this fact and asks if, under the above conditions on 
G, the product is always continuous. Theorem 4.3 gives a positive answer to this 
question when G is paracompact. 
Theorem 4.1. Let G be a semitopological group which is a paracompact p-space. If G 
is a Baire space, then G is a paratopological group. 
Proof. The left translations in G define a separately continuous action of G in 
itself. Hence the result follows from Corollary 3.5. 0 
Now we shall give a sufficient condition which insures that a paratopological 
group is a topological group. This condition relies on the definition of the following 
game SW. Let X be a topological group. The game Y& is an infinite two-player ((u 
and p) game. Player /3 begins and plays a point x, E X; then (Y chooses a neighbour- 
hood V, of x, and a subset D, of X which is dense in V, ; at the (n + 1)th stroke, 
/3 plays a point x,+, E V,, n D, ; then (Y chooses a neighbourhood V,,,, of x,,+, and 
a subset D,,+, of X which is dense in V,,,, . Player (Y wins if the sequence (x,) has 
a cluster point in X. The space X is called %U-P-defavorable if p has no winning 
strategy in this game. 
Notice that if any element of X has a neighbourhood which contains a dense 
subspace which is Tech-complete or countably compact, then X is a-favorable for 
the game ‘;e,. 
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Theorem 4.2. A paratopological group G which is C$,-p-defavorable is a topological 
group. 
Proof. Let U be a neighbourhood of e in G and let W be a neighbourhood of e 
such that W. WC U. Notice that if A is a subset of G such that A-’ c W, then 
(A)-‘c U. Suppose that for any neighbourhood V of e there is an element XE V 
such that x-l@ U. Then for any neighbourhood V of e and for any subset D of G 
which is dense in V, there is x E V n D such that x-’ E W. 
Let us consider the following strategy (T of player p in the game gm: /3 begins 
with a point x, E W such that XT’ $ W; at the (n + 1)th stroke, when (Y chooses a 
neighbourhood U, of e (or equivalently a neighbourhood of x,x>. . . x,) and a 
subset D, of G which is dense in x, . . . x, U,, then p chooses an element x,,+, E U,, n 
(XI . . . x,)-‘D, such that xi:, g W and plays the element a((~, U, , D,), . . . , 
(x1 . . . x,U,,, D,)) = x, - . . x,,+, of (x, . . * x,,, U,,) n D,. 
Since G is Y$,,-/3-defavorable, there exists a game (U,, Dn)ncN, where ( U,,) is a 
sequence of neighbourhoods of e, which is a winning game for LY against the strategy 
a, i.e., such that the sequence (x, . . . x,) ncN has a cluster point x E X. Since any 
game that is finer than a winning game for (Y against u is still winning, we can 
- - 
suppose that U,,, . U,,,, c U,, c W for all n. Let k> n + 1 such that x, + . * xk_, E 
xun+, 3 i.e., such that xc’ E (x, . . . xk)-‘xU,,+, . The element (x, . . . xk)-‘x is a cluster 
point of the sequence ((x1 . * * xk)-‘(x, . . . x~+,))~~~ and we have 
(x1 . ’ . xJ’(x, * . . Xk+,) = Xk+, . . . xk+i E u,,, . . . Uk,, c u,, 
hence (x, . . * x,))‘xE U, c U,_, . Thus xi’ E U,_, . U,,,, c U, and since U,, c W we 
get a contradiction. Hence U’ is a neighbourhood of e. q 
Theorem 4.3. Let G be a tech-complete semitopological group. Then G is a topological 
group if and only if it is paracompact. 
Proof. Suppose that G is paracompact. By (2) of Proposition 2.1 and the comments 
preceding that proposition G is a p-space. Moreover any Tech-complete space is 
a Baire space. Hence, by Theorem 4.1, the product in G is continuous and the 
continuity of the inversion in G follows from Theorem 4.2. Conversely, it is well 
known that a Tech-complete topological group is paracompact, see [5]. 0 
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